ergodic theorem images of a single function / can be replaced by images of functions forming a double sequence, dominated by an integrable function and converging to/. Here we obtain an analogous generalization of the Chacon-Ornstein ratio ergodic theorem for operators. It is also shown by example that dominated sequences in general cannot be replaced by uniformly integrable sequences.
In 1957 L. Breiman applied Maker's theorem to establish "an ergodic theorem of information theory," (see [2] and [S] ). An analogous application of a variant of our result is given in [ó].
2. The theorem. Let (X, a, p) be a o--finite measure space. We consider semi-Markovian operators: positive linear operators mapping Fi into L\. If the Li norm of T is less than or equal to one, T is called sub-Markovian.
The aspects of the theory of sub-Markovian operators of interest for us are developed e.g. in [8] ; the assumption made there that p(X) = 1 is, for most purposes, inessential.
All relations below are to be understood modulo sets of measure zero. By F+ we denote the class of nonnegative, not identically vanishing functions of L\. The operator I+T+T2-^-• • • is written FM. We let A be a measurable subset of X, such that on A the operator T is conservative, the ratio theorem holds and the limit is well behaved. More precisely, we assume the following conditions: where C is the cr-field of invariant sets and the operator R adds to the function /-le the total contribution of the dissipative part D, (see [4] , [3] , [8, p. 211] ). Since R and E(-/e) are sub-Markovian operators, the last assertion in (rA) follows from the monotone continuity theorem for such operators (see [8, p. 187] ). If p is a cr-finite measure, we let ir be an equivalent probability measure and p=dir/dp, the Radon-Nikodym derivative of ir with respect to p. Now define an operator U by Ug = (i/p)-T(p-g)
where gELi(ir), or, equivalently, p-gELi(p).
The passage to -k and U leaves the ratios in (rA) invariant ; hence the cr-finite case reduces to the case p(X) = 1. More generally, if T is a semi-Markovian operator satisfying the boundedness assumption (bh), then the conditions (cA) and (rA) hold if A is the conservative part YCh of the set Yh (see [9] ).
We now state our theorem. Remark. The proof shows that if the assumption (rA) is weakened by replacing the limit D by the limit superior, one still has the following conclusion: on AC\ { Txg>0} i969]
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E T%i E T*f (9) lim sup-= lim sup n-l n n-1
and'an analogous equality holds for the limit inferior.
The following corollary, concerned with single sequences, may be considered as a generalization of Hopfs decomposition theorem (see [8, p. 196] ). This theorem asserts that the space X decomposes into the conservative part C and the dissipative part D: for each gELf, i n Now let (X, ß, p) be a probability space such that there is a measurable partition {Ai} of X with p(A%)=pi, i=l, 2, ■ ■ ■ . Let g", = l for all n, i and let fni=fi=Vi on Ai, = 0 on X -Ai.
The sequence/,-converges to/ = 0. The uniform integrability in the presence of pointwise convergence to zero is equivalent with the convergence of the integrals ffi dp-Vipi to /0 dp = 0; thus (/<) is uniformly integrable. Moreover, on An We identify the starred and the nonstarred expressions.
Let the operator T be the conditional expectation £(-|e). Then 7T = 1, T2 = T, T satisfies the assumptions (cA) and (rA) with A =X, but by (15) the equality (2) fails on the entire space X.
